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ABSTRACT 
Ando and Hiai have obtained many excellent log majorization results for 
power means of positive semidefinite matrices. One of these results ensures 
matrix-norm inequalities for unitarily invariant norms, which are considered as 
complementary to the Golden-Thompson inequality. Firstly, we show an exten- 
sion of the Furuta inequality by using itself. Secondary, by using techniques 
due to Ando and Hiai and also using this extension of the Furuta inequality, we 
extend some results on log majorization. 
INTRODUCTION 
In what follows, a capital letter means a bounded linear operator on a 
complex Hilbert space H. An operator T is said to be positive (in symbols: 
T 2 0) if (TX, x) 2 0 for all 2 E H. Also, an operator T is strictly positive 
(in symbols: T > 0) if T is positive and invertible. 
As an extension of the Lowner-Heinz theorem [9, 121, we established 
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the Furuta inequality (41, which reads as follows: if A 2 B >_ 0, then for 
each r 2 0, (i) (B’ApB’)‘Iq 2 B(P+2T)/q and (ii) A(P+2T)/q 2 (ArBpAr)iIq 
hold for p and q such that p 2 0 and q > 1 with (1 + 2r)q 2 p + 2~. We 
remark that the Furuta inequality yields the Liiwner-Heinz theorem when 
we put T = 0 in (i) or (ii) above: if A > B 2 0, then A” 2 Ba for any 
QI E [0, l]. Alternative proofs of the Furuta inequality are given in [2, 5, 
lo], and an elementary proof is shown in [6]. 
In Section 1, first of all we extend the Furuta inequality as follows: If 
A > B 2 0 with A > 0, then for each t E [0, 11 and p > 1, 
is a decreasing function of both T and s for any s 2 1 and T 1 t, and the 
following inequality holds: 
A1-t = F,,t(A, A, r, s) 
2 Fp,t (A B, r, 3) 
for any p s 2 1, 2 1, and T such that r 2 t 2 0. As an immediate 
consequence of this result, we have the following corollary. If A 2 B 2 0 
with A > 0, then for each t E [0, 11, 
holds for any s 2 0, p 2 0, 0 5 a 5 1, and r > t with (s - l)(p - 1) 2 0 
and 1 - t + T 2 [(p - t)s + r]cr. 
In Section 2, we discuss some applications of an extension of the Furuta 
inequality to log majorization. Following [l], we write 
A < B 
(log) 
for positive semidefinite matrices A, B if nt=, Xi(A) I nF=, Xi(B) for 
lC= 1,2,... ,n-1 and nr’, Xi(A) = ny=, xi(B), i.e., detA = det B, where 
Xi(A) 2 X2(4 > ... 2 X,(A) and Xl(B) 2 X2(B) >_ ... 1 X,(B) are the 
eigenvalues of A and B respectively. This notion is called log majorization 
because it is equivalent to the usual majorization log A 4 log B when A, B 
are strictly positive matrices. 
For every 0 5 (Y 5 1 and A, B > 0, the a-power mean A #a B is defined 
by 
A #a B = A’/2(A-‘f2BA-‘/2)“A1/2, 
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which extends to A, B 2 0 via the joint monotonicity of #a. For conve- 
nience in symbolic expression, we define A hs B for any real number s 2 0 
and for A > 0 and B > 0 by the following: 
A b, B = A’/2(A-1/2BA-1/2)“A1/2, 
A ha B in the case 0 5 o < 1 coincides with the usual o-power mean 
A#,B. 
Ando and Hiai [l] established the following very interesting and useful 
log majorization: 
(A #n B)&A’ #ol B’ 
0 
for every 0 5 (Y 5 1 and A, B > 0 and r > 1. We extend this result to the 
following: if A, B 2 0 and 0 < (Y 5 1, then 
for every r 2 1 and s > 1, where h = [CC-’ + (1 - o)r-l]-l, which can be 
considered as a generalized harmonic mean of r and s. Finally we establish 
the following somewhat extended form, which can be transformed from an 
extension of the Furuta inequality by using techniques in [l]: For every 
A,B>OandO<a<l,andfort~[O,l], 
(A #a B)h (~tg) {A l+r-t#p(A1-t b, B)} Cl 
for 
s 1 1: 
a(1 - t + r) (1 - t + r)s 
r2tLo’ ‘= (l-ot)s+or’ and ‘= (I_ot)s+or’ 
Moreover, we present some other log majorizations. 
In Section 3, we show logarithmic trace inequalities as an application 
of the log majorization results in Section 2, following [l]. 
1. AN EXTENSION OF THE FURUTA INEQUALITY 
First of all, we state the following extension of the Euruta inequality. 
THEOREM 1.1. If A 2 B > 0 with A > 0, then for each t E [0, l] and 
P> 1, 
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is a decreasing function of both r and s for any s 2 1 and r 1 t, and the 
following inequality holds: 
A’-t = FP,t(A,A,r,s) 
2 F,,t(A,B,r,s) 
for any s 2 1, p 2 1 and r such that r 2 t 2 0. 
(1.10) 
COROLLARY 1.2. If A 2 I3 2 0 with A > 0, then for each t E [0, 11, 
{ A’/2(A-t/2APA-t/2)aA’/2}~ 2 { Ar/2(A-t/ZBPA-t/2).AP/2)” 
holds for s any 2 0,p I 0, 0 I CY 5 1, and r 2 t with (s - l)(p - 1) 2 0 
and 1 - t + r 2 [(p - t)s -k r]a. 
In order to give a proof of Theorem 1.1, we cite the following results. 
THEOREM A (Liiwner-Heinz inequality). If A 2 B > 0, then A” 2 BO 
for any Q E [0, 11. 
THEOREM B (F’uruta inequality). IfA>B>O, thenforeachrzo 
(B’-/2APBr/2)a 1 (Br/2BPBr/2)a, 
(9 
(,J’/2APA’/2)” 2 (Ar/2BPA’/2)” (ii) 
LEMMA 1. Let A be a positive invertible operator, and let B be an 
invertible operator. For any real number X, 
(BAB’)A = BA’/2(A’/2B*BA1/2)X-‘A1/2~*. 
Proof. We give a proof of this obvious result for the sake of conve- 
nience. Let BA1j2 = UH be the polar decomposition of the invertible 
operator BA1i2, where U is unitary and H = ( BA1i2 I. Then 
(BAB’)’ = (UH2U*)X = UH2%* 
= BA’/2H-‘H2XH-lA1/2B* = BA’/2(H2)A-lA’/2B’ 
= BA’/2(A’/2B*BA’/2)X-‘A1/2B*. 
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Proof of Theorem 1.1. We may assume that B is invertible. ??
(a) Proof of the result that F,,,(A, B, r, s) is a decreasing function of s. 
First step: In case 1 5 s 5 2, if A > B 2 0, then At > Bt for any t E [0, l] 
by Theorem A, so that we have 
Kt < B--t - for any t E [0, 11. (1.11) 
By Lemma 1, (l.ll), and Theorem A we have 
A’/2(A-t/2BPA- t/L? S ) A r/2 = A(‘-t)/2BP/“(BP/2A-tBP/2)s-1Bp/2A(r-t)/2 
< A(T-t)/2BP/2(BP/2B-tBP/2)s-1Bp/2A(T-t)/2 
- 
= A(T-t)/2B(P-t)S+tA(T-t)/2, (1.12) 
The hypotheses on p, s, r, and t ensure the following: 
1-t+r 
(p - t)s + r E ‘O’ ‘I’ (1.13) 
Therefore, applying Theorem A to (1.12) and also applying (ii) of Theorem 
B, we have 
I {A (T-t)/2B(p-t)S+tA(T-t)/2 (l-t+T)/[b-t)S+r] > 
< Al-t+?- 
- (1.14) 
Second step: Put 
and 
& = { AT/2(A-t/2BPA-t/2)SAP/2)(1--l+T)/[(P-t)S+TI 
for 1 5 s 5 2 in (1.14). Then Al 2 B1 2 0 with Al > 0 and B1 > 0 by 
(1.14). so that, repeating (1.14) for tl E [O,l], we have 
Ai-tl+Tl > 
1 
_ {A~l-t1)/2B~‘-~l)~l+~lA~1-tl)/~ (l-tl+rl)/[(pl-tl)sl+rll 
> 
Tl 2 (1 1 {~;l/2(~;“l/2~~‘~;tl/2)“l~, / } - ~l+~l~l[~Pl-tl~sl+rll 
(1.15) 
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holds for any 2 2 ~1 2 1, PI 2 1, and TI > tl 2 0 by the first step. In 
(1.15), put 
pl = (P - t)s + T 
1-t+?- L 1, 
T1 = t1 = 1 _;+r E P711. 
Then 
A’d2 
1 - t1 + r: = #I2 = AT/z, 1--t+?- 
(Pl - t1)s1 + Tl = (p-t)ssl fr’ 
and 
Then we have 
Al > 
2 
that is, 
Al-t+T > - 
2 
Bf’ = Ar/2(A-t/2BPA-t/2)“A’/2. 
BI 
In (1.16), 1 2 SSI 5 4 since 1 2 s < 2 and 1 < s1 5 2. Therefore (1.16) 
(1.16) 
ensures that (1.10) holds for 1 2 s I 4. Repeating this method in the same 
way as we did from (1.14) at the first step to (1.16) at the second step, we 
conclude that F,,t(A, B, r, s) is a decreasing function of s, and also (1.10) 
holds for any s 2 1. 
(b) Proof of the result that Fp,t(A, B, r, s) is a decreasing fin&ion of I-. 
BY (1.16) ’ ( 1 m a , we have the following operator inequality (1.17) for each 
t E [O, 11: 
Al-t 2 A-‘/2{AP/2(A-t/2BpA-t/2)3Ar/2)(1-t+’)/[(P-t)s+rlA-T/Z (1.17) 
holds for any s 2 1, p > 1, and r such that r 2 t. This inequality and 
Lemma 1 yield 
(A-t/2BPA-t/2)-8/2A1-t(A-t/2BpA-t/2)-S/2 
>‘{ (A-t/2BPA-t/2)S/2AT(A-t/2BPA- ) } t/2 s/z ll-t-(P-t)sllI(p-t)s+rl 
(1.18) 
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Put 
and 
B2 = { (A-t/2BPA-t/2)S/2AP(A-t/ZBpAt:2)9/2)[1-t-(p-t)sl/[(P-t)sir]. 
Then A2 L B2 _> 0 with A2 > 0 and B2 > 0 by (1.18), so that, repeating 
(1.14) for t2 E [O,l], we have 
Al-t2fQ > 
2 
_ {A~-tZ)/2B~-t2)S2+tZA2 (r2-t2j/2 (1-t2+~Z)ll(P2-t2)~Z+TZl 
> 
2 {A'zz12(Azt2/2B~A,t2/2)s~A2 } - ?-z/2 (1 t?:+~Z)ll(P2--t2)sz+rzl 
(1.19) 
for any 2 L s2 2 1, p2 2 1 and r:! 2 t2. Put 
f-2 = t2 = 1, 
and 
Then 
(p - t)s + r 
p2= (P_t)s-(l-t) >I. 
and 
1 - t2 + 7-2 (p - t>s - (1 - t) 
(~2 - t2)s2 +r2 = (p - t)s + r + (1 - t + r)(s2 - 1)’ 
(1.20) 
Put D = (A-t/2BpA-t/2)-“/2. Then 
ZZZ A~/2[Az1/2(A-t/2BPA-t/2)-S/2A-T 
x(A-t/2BPA-t/2)-s/2A;1/2]S2A~/2 
;DA-'/~{A-'/~~A,'DA-T/~)S'-'A-'!~D (by Lemma 1) 
= DA-‘/2(A-‘/2At-IA-‘/2)(sz-1)A-r/2D 
=(A-t/2BpA-t/2)-S/2A-T-(l-t+r)(S~-l)(A-t/2BpA-t/2)-~/2. 
(1.21) 
Therefore (1.19), (1.20), and (1.21) yield 
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2 { (,@2BPA-t/2 )S/2AT(A-t/2BPA-t/2)S/2}~1-t-(P-t)sl/l(p-t)s+r~ 
> { (A-t/2BPA-t/2 )42Ab+d 
t 2 S 2 11 +-+BPA- / ) / } - t-(P-t)sll[(P-t)s+~+El 1 (1.22) 
where E = (1 - t + r)( s2 - 1). We recall that E > 0 because 2 2 s2 2 1, 
t E [O,l], and r 2 t. Put r2 = T + E. Again applying Lemma 1 to (1.22), 
we have the following desired operator inequality (1.23): 
Al-t 2 A-‘/2{Ar/2(A-t/2BPA-t/2)~Ar/2}(1-t+T)l[(p-t)s+rlA-,/2. 
> A-‘2/2{A’2/2(A-t/2BPA-t/2)S - 
XA’~/2}(1-t+T2)/[(P-t)s+~~lA-~~/2. 
(1.23) 
for any 7-z and r such that ~2 1 r 1 t and for s 2 1, p 2 1, t E [O,l]. 
Consequently F,,t(A, B, T, s) is a decreasing function of r 2 0. 
Finally, F,,t(A, B, r, s) is a decreasing function of both T and s for any 
s > 1, p 2 1, and r such that T 2 t 2 0, by (a) and (b). ??
Proof of Corollary 1.2. In the case 1 2 s 2 0 and 1 2 p 2 0, the result 
is obvious by Theorem A. In the case s 2 1 and p > 1, the result follows 
by Theorem 1.1 and Theorem A. ??
REMARK 1.1. In the case t = 0 in Corollary 1.2, we need not assume 
A > 0. Putting t = 0 and s = 1 in Corollary 1.2, we have (ii) of Theorem 
B. Hence Corollary 1.2 can be considered as an extension of Theorem B, 
since this case of it is equivalent to (ii) in Theorem B. 
Corollary 1.2 easily implies the following result when we put t = 1. 
COROLLARY 1.3. If A 2 B > 0 with A > 0, then 
A’ 2 {A’/2(A-1/2BpA-1/2~SAT/2}~/[(P-1)S+Tl 
holdsforanys>l,p>l,andr>l. 
When we put s = r in Corollary 1.3, we have the following theorem 
obtained by Ando and Hiai [l, Theorem 3.51. 
THEOREM C [l]. If A > B 2 0 with A > 0, then 
A” 2 {A’/2(A-‘/2BPA-‘/2)rAr/2}1/P 
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holdsforanyp>l andrll. 
COROLLARY 1.4. If A > B 2 0 with A > 0, then for each t E [0, l] 
A’+t > (At/2B2P_tAt/2)(l+t)/2P > IA-t/2BP/@fl+t)/P 
_ (9 
and 
A2 > (&/2B2P-t A1/2)2/(2p+‘-t) > IA-t/2BPA1/214/(2p+l-t) - ciij 
hold for any 2p > 1+ t. 
Proof. At the first step in the proof of (a) of Theorem 1.1, put s = 2 
and r = 2t in (1.13); then the condition (1.13) is equivalent to 2p > 1 + t. 
By (1.14) we have 
Ar+t 2 (At/2B2P_tAt/2)(l+t)/2P 
> {At(A-t/2BPA-t/2)2At}(Ift)/a?, 
- 
= jA-t/2BPAt/2j(‘+t)/P 
for any 2p > 1 + t, so we have (i). Al so, at the first step in the proof of (a) 
of Theorem 1.1, put s = 2 and T = 1 + t in (1.14). Then 
,42 > {A’/2B2P-tA’/2}2/(2P+1-t) > IA-t/2BPA1/2/4/(2P+l-t) 
- 
for any 2p 2 1 + t, in the same way as for (i). ??
COROLLARY 1.5. If A 2 B 2 0 with A > 0, then 
A2 (A@@P-1 2 A1/2)11p 2 IA-1/2BpA1/2/2/p for any p > 1. 
Proof. Put t = 1 in (i) or (ii) in Corollary 1.4. W 
COROLLARY 1.6. [3, 7, 81. If A > B 2 0, then 
G(p, r) = A-T/2(AT/2BPA’/2)(1+T)/(P+~)~-r/2 
is a decreasing function of both p and r for p 2 1 and r 2 0. 
Proof. In the case t = 0 in Theorem 1.1, we need not assume that 
A > 0. Put t = 0 and p = 1 in Theorem 1.1, and then replace s by p. W 
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REMARK 1.2. With regard to Corollary 1.4, we remark that f(p) = 
(At/zB2P-tAt/2)(l+t)/2P is a decreasing function of p for 2p 2 1 + t by 
Corollary 1.6. Also, if A > B 2 0 with A > 0, then A2 2 IA-1/2BpA1/2(2/p 
for any p > 1 by Corollary 1.4; this result is contained in [l, Corollary 3.61. 
2. THE LOG MAJORIZATION EQUIVALENT TO AN EXTENSION 
OF THE FURUTA INEQUALITY 
Throughout this section, a capital letter means an n x n matrix. 
Following Ando and Hiai [l], let us write A +(I,,~) B for positive semidef- 
inite matrices A, B 2 0 and refer to log majorization if 
r”r b(A) 5 fj Xi(B), k=1,2 ,..., n-l, 
i=l i=l 
and 
n n 
II Xi(A) = n Xi(B), i.e., detA = det B, 
i=l i=l 
where Xl(A) > X2(A) 2 . .. > X,(A) and Xl(B) > X2(B) 2 ... > X,(B) 
are the eigenvalues of A and B respectively, arranged in decreasing order. 
Note that when A, B > 0 (strictly positive) the log majorization A +(log) B 
is equivalent to log A 4 log B. Also, A +(log) B ensures that llAl/ 5 l\Bll 
holds for any unitarily invariant norm. 
DEFINITION 1 When 0 5 LII < 1, the a-power mean of A, B > 0 is 
defined by 
A #a B = A1/2(A-1/2BA-1/2)aA1/2. 
Further, A #a B for A, B 2 0 is defined by 
A #a B = ljrn(A + d) #a (B + ~1). 
This a-power mean is the operator mean corresponding to the operator 
monotone function P. See [ll] for the general theory of operator means. 
For convenience in symbolic expression, we define A LJ* B for any s 2 0 
and for A > 0 and B 2 0 by the following: 
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A ha B in the case 0 5 (Y 5 1 just coincides with the usual a-power mean 
denoted by A #, B. 
We can transform (1.10) in Theorem 1.1 into the following log majori- 
zation inequality by using the method by Ando and Hiai [l]. 
THEOREM 2.1. For every A > 0, B 2 0, 0 5 cy < 1 and each t E [0, I] 
(A #a B)h & ,A~-~+’ #p (A1-t L B) (2.1) 
holds for s 2 1 and r > t > 0, where 
~(1 - t + r) (1 - t + r)s 
‘= (1 -cxt)s+m and h= (1 -cut)s+ar 
Proof. We may assume that 0 < a 5 1. In the same way as in the 
proof of [l, Theorem 2.11, by homogeneity of order in (2.1), to prove (2.1) 
we have only to show that A-’ > (A-1/2BA-1/2)a ensures the following 
inequality: 
A-l-T+t > {A(-l-T+t)/2(&t b, B)A(-“+t)/“}fl (24 
for s > 1 and r > t > 0. Put Al = A-l and B1 = (A-1/2BA-1/2)a. By 
(1.10) in Theorem 1.1, AI 2 BI L 0 with Al > 0 ensures the following 
inequality for each t E [0, I]: 
Ai-t+’ > { AT12(A;t/2B~Art/2)“A;/2} (l-t+r)/~(P-tb+rl 
for any s L 1, p > 1, and r > t > 0. Put p = l/o > 1 in the above 
inequality; then we have 
A-l-T+t > {A-‘/2(A(t-‘)/“BA(“‘)/2)~A-~/2}~ 
= {,.+-T+t)/2(A’-t bs B)A(-l-‘+“)/“}P, 
that is, we have (2.2) ??
COROLLARY 2.2. For every A, B 2 0 and 0 5 cx 5 1, 
(A#, Blh & A’ #hais BS for r 2 1 and s > 1, (2.3) 
where h = [(Ys-’ + (1 - Ly)r-l]-l. 
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The above log majorization is equivalent to any one of the following: 
(A’ #a B’)“’ (us) (A4 #kalp Bp)‘lk for 0 < T 5 q and 0 < r 5 p, 
(2.4) 
where k = [cxp-’ + (1 - cy)q-‘1-l; 
(A’ #a Bq)l’” & (AP #lair Bp)lip for 0 < r I p and 0 < q I p, 
(2.5) 
where s = crq + (1 - cx)r and 1 = [m-l + (1 - a)qmllel; 
(A’ #(2 Bq)l’” (,r+) (A4 #a Bp)lip for 0 < r I q i p, (2.6) 
where 
21= aq2+(1-a)pr and /3 = Qq2 
4 aq2 + (1 - cr)pr ’ 
Proof. Put t = 1 in Theorem 2.1. Then we have (2.3), and the equiv- 
alence relation among (2.3), (2.4), (2.5), and (2.6) is immediate. ??
REMARK 2.1. We remark that h = [as-l + (1 - cr)r-l]-l in Corollary 
2.2 is a generalized harmonic mean of r and s, and when (u = 4, h is the 
usual harmonic mean of r and s. Also, 1 in (2.5) is a generalized harmonic 
mean of r and q, while s in (2.5) is a generalized arithmetic mean of q and 
r. Finally we remark that Corollary 2.2 is equivalent to Corollary 1.3. 
Corollary 2.2 yields the following result [l, Theorem 2.11. 
THEOREM D [l]. For every A, B 2 0 and 0 2 Q! 5 1, 
(A#&)’ cl*g, A’#3 for r 2 1, 
0 
or equivalently, 
(Aq#,Bq)l’q (,c+) (Ap#,Bp)“p for 0 <q Lp. 
Proof Putting r = s in Corollary 2.2 yields the first form. For the 
second one, we have only to put p = q in (2.4) or r = q in (2.5), or put 
q2 = pr in (2.6) and then replace Aq/P by A. ??
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Also we can transform Corollary 1.2 into the following log majorization. 
THEOREM 2.3. If A > 0 and B 2 0, then for each t E [0, l] and 
Ola<l 
= Aq’2[A’-t #a (A-t bs Bp)]Aq’2 
holds for any nonnegative numbers s, p, and r such that r 2 t and (S 
-I)@-I) 2 0 with 1-t+r 2 [(p-t)s+r]a, where q = cx(p-t)s+crr--r+t. 
Proof. Under the conditions on s, p, r, and t in Corollary 1.2, it says 
that I > A1’2BA’f2 ensures 
1 > A+d(P-tb+d [A-“2(At’2BPAt’2)SA-“2]aAaa[(P-t)S+r] 
= A+[(P-tb+‘] [A-b-t)/z(A-t ha BP)A-(‘-t)/2]~A4Q[(P-t)s+r] 
= Aq’2 [A’-t #a (A-t bs Bp)]Aq’2, 
where q = cx(p - t)s + cw - T + t. Noting the order of homogeneity and 
imitating the proof of [l, Theorem 2.11, we have the desired result. ??
THEOREM 2.4. If A > 0 and B > 0, then for each t E [O,l] and 
OIo<l 
+ 
Uoe) 
A;(‘-@/P+V’PS) {,@2[_$‘2(AP #a BP)At’“]SA-T/2}“‘“” 
XA+(l-4t’P+‘4’P”) 
holds for every p > q > 0, r > t, and s 2 1 
Proof. We have only to prove that A-l 2 (AP #a BP)q’P ensures 
A-('-4t'PfV'Ps) 1 {A-"2[At'2(AP#a ~P)A~'~]~A-~'~}4'SP 
by considering the order of homogeneity of A and B. Put Al = A-l and 
also B1 = (AP #, BP)‘J’P. If Al 2 B1 > 0 with Al > 0, then by Corollary 
1.2, for each t E [O,l], 
,@‘l-tb+rbl > { A;‘2(A;t’2B~’ A,t’2)SA;‘2}a1 
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holds for any s 2 1, pl L 1, 0 I (~1 < 1, and T 2 t 2 0 with 1 - t + T 2 
[(PI - t)s + +y1. Wh en p 2 q > 0, r 2 t, and s > 1, put pl = p/q > 1 and 
~1 = q/sp E [0, 11. Th en since 1 - t + r > [(pl - t)s + r]cxl, we have the 
following inequality: 
P 4 t 3 T ‘2 / - ) + } / W 2 {A-+[Atb(AP #, BP)At/2]SA-‘/2}qlsp. 
When t = 0, Theorem 2.4 becomes the following result. 
COROLLARY 2.5. If A > 0 and B > 0, then for every 0 5 (u < 1 
A1/2(AP #a BP)4/PA1/2 
+ A4[l+(rq/Ps)l{A-T/2(Ap #a BP)SA-T/2}q/5pAf[1+(TQ/PS)1 
(14 
holds for every p > q > 0, r 2 0, and s > 1. 
When s = 1 and r = p, Corollary 2.5 yields the following theorem [l, 
Theorem 3.31. 
THEOREM E [l]. If A > 0 and B 2 0, then 
&/2(AP #, BP)4/PA1/2 (,rg, A(l+q)/2(A-p/2BPA-P/2)aq/PA(l+q)/2 
for every 0 5 Q 5 1 and 0 < q 5 p. 
Taking s = 2 and r = p in Corollary 2.5, we have 
COROLLARY 2.6. If A > 0 and B 2 0, then for every 0 5 cx I 1 
A112(Ap #ol Bp)q’pA1’2 c,+gJ A$(1+4/2) { (A-P/2BPA-P/2)0 
~“AP(~-.,“BP~-Pi’)~~q/2PA~i1+R/2~ 
holds for any 0 < q 5 p. 
COROLLARY 2.7. If A > 0 and B 2 0, then for every 0 5 r 5 1 
Ad2B'A'/2 (,ggj Ar('+a)/2(A-1/2Bl/aA-l/2)(rrAr(l+a)/2 
cl 
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holds for every 0 < Q < 1. 
Proof. Take a! = 1, q = 1, and r = p in Corollary 2.5, replace s by l/o 
and p by l/r, and then replace, A, B by A’, B’ respectively. ??
COROLLARY 2.8. If A > 0 and B 2 0, then for every 0 < r 5 1 
(Al/zBA1/2)’ + A(““+‘)/2(A-“/2B’/“A-“/2)ffA(~u+r)/2 
bg) 
holds for every 0 < cy 2 1 and u > 0. 
Proof. In Theorem 2.3, put 0 5 s < 1 and 0 5 p 5 1 and also t = 0. 
Then replace aps by r and simultaneously r by u. ??
Corollary 2.7 and Corollary 2.8 imply the following known result [l, 
Corollary 3.41. 
COROLLARY F [l]. If A > 0 and B > 0, then for every 0 5 r f: 1 
(Ar/zBA1/2)’ + A’/2B’A’/z > A’(A-i/zBA-i/z)rA’., 
(1%) (1%) 
Proc?f Put u = 0 in Corollary 2.8 for the first log majorization. For 
the second, put Q = 1 in Corollary 2.7. W 
3. LOGARITHMIC TRACE INEQUALITIES AS AN APPLICATION 
OF THE LOG MAJORIZATION IN SECTION 2 
Throughout this section, a capital letter means an n x n matrix. 
THEOREM 3.1. If A > 0 and B 2 0, th,en for every 0 < Q 5 1 and 
t E [O, 11 
s Tr A log(Ap #a BP) - 
2 (r - st)TrAlogA 
n A log { A-‘l2 [At12(Ap #a Bp)At’2]SA--r’2} 
holds for any s > 1, r 2 t, andp>O. 
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Proof The proof follows that of [I, Theorem 5.31. By continuity we 
may suppose B > 0 as well. The Theorem 2.4 ensures for 0 < Q 5 p 
Tr A(AP #a BP)q’p 
> n A1-(4t/P)+h/Pd { A-‘/2 [At/2(AP #a BP)&/7 SA-r/2}q/sp~ 
Since both sides in the above are equal to Tr A when q = 0, we have 
x ({A-“” [A~/~(AP #a Bp)Af/2]9A-‘/2}1’9p)qlq=~. 
Simple calculations of both q derivatives yield the desired inequality. H 
When t = 0 Theorem 3.1 yields the following result. 
COROLLARY 3.2. If A > 0 and B > 0, then for every 0 5 Q 5 1 
s or A log(Ap #a BP) - 23 A i0g { A-‘/~[A~ #ti B~]~A-~/~} 
2 rTrAlogA 
holds for any s > 1, r 2 0, and p > O. 
Taking s = 1 and r = p > 0 in Corollary 3.2, we have the following 
result [l, Theorem 5.31. 
THEOREM G [l]. IfA 2 0 and B > 0, then for every 0 5 (Y 5 1 and 
P>O 
; Tr A log(AP #a BP) + ; Tr A log(Ap’2B-pAp/2) 2 Tr A log A. 
COROLLARY 3.3. If A > 0 and B > 0, then for every 0 5 & 2 1 
Tr~log(A~#, BP) +TrAlog(~q/~(~-p#~ B_P)A4’2} 2 qTrAlogA 
holds for p 2 0 any and 2 0. q 
Proof. Put s = 1 in Theorem 3.1 and then replace r - t by q. ??
INEQUALITIES AND LOG MAJORIZATION 155 
We remark that Corollary 3.3 yields Theorem G stated above, on taking 
4 = P. 
Also, taking s = 2, t = 0, and r = P 2 0 in Theorem 3.1, we have: 
COROLLARY 3.4. If A > 0 and B > 0, then for every 0 2 cy 5 1 
Tr A log(Ar #a BP)’ + Tr A log { (Ar/2B-rAp’2)“A-p(Ap’2B-pAp’2)a} 
> pTrAlogA 
holds for any p > 0. 
We would like to express our cordial thanks to Professor T. Ando and 
Professor F. Hiai for allowing us to see the beautiful and useful results on 
log majorization in [l] before its publication. 
We would also like to express our cordial thanks to the referees for 
careful reading of our first version and for useful nice comments. 
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